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Abstract. The recent introduction of computational thinking in mathematics curricula requires
investment in the design of teaching resources that promote an integrated learning of computational
thinking and mathematics in real classroom settings. Developed in the context of a teaching
experiment, this exploratory study focuses on discussing how one task that integrates computational
thinking into the study of affine function in the 8th grade contributes to the development of students’
computational thinking practices and students’ functional thinking. A qualitative methodology was
adopted, with data collected through participant observation from two classes, supported by audio
and video recordings, as well as students’ written work. The targeted computational thinking
practices were abstraction, decomposition, pattern recognition, analysis and definition of algorithms,
and development of habits for debugging and optimizing processes. Functional thinking analysis
focused on the function representations, contextual and symbolic generalization, and mathematical
modelling. The results show that computational thinking practices and dimensions of functional

thinking were integrated during students’ task resolution, highlighting the important role of the
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task’s context and the different types of representation, namely the coded representation facilitated
by Scratch, in supporting students moving from concrete examples to more general situations.

Keywords: computational thinking; functional thinking; affine function; mathematics; middle school.

Resumo. A recente introducdo do pensamento computacional nos curriculos de matematica exige
investimento no design de recursos que promovam uma aprendizagem integrada do pensamento
computacional e da matematica na sala de aula. Este estudo exploratério, realizado no contexto de
uma experiéncia de ensino, discute como uma tarefa que integra o pensamento computacional no
estudo de fungdes afins no 8.2 ano contribui para o desenvolvimento das praticas de pensamento
computacional e do pensamento funcional dos alunos. Adotou-se uma metodologia qualitativa, com
dados recolhidos através de observacdo participante em duas turmas, com audio e video gravagio, e
dos trabalhos escritos dos alunos. As praticas de pensamento computacional visadas foram:
abstracdo, decomposi¢do, reconhecimento de padrdes, andlise e definicdo de algoritmos e o desen-
volvimento de habitos de depuracio e otimiza¢ido dos processos. A analise sobre o pensamento fun-
cional focou-se nas representacdes de fungdes, generalizacdo contextual e simbdlica e modelacao
matematica. Os resultados mostram que as praticas de pensamento computacional e as dimensdes
do pensamento funcional foram integradas durante a resolugdo da tarefa pelos alunos, destacando-
se o importante papel do contexto da tarefa e dos diferentes tipos de representacio, especialmente,
a representagdo codificada facilitada pelo Scratch, para apoiar os alunos a progredirem de exemplos
concretos para situagdes mais gerais.

Palavras-chave: pensamento computacional; pensamento funcional; fun¢do afim; matematica; 3.2

ciclo.

Introduction

The emergence of the term “computational thinking” in education (Wing, 2006) sparked a
global discussion regarding its conceptualization and integration in education in general
(Caeli & Yadav, 2020; Roman-Gonzalez et al., 2017) and specifically in mathematics teaching
(Barcelos et al., 2018; Chan et al,, 2023; Ye et al., 2023). Beyond the recognized value of
computational thinking as a 21st century competence for young people and essential for
prospering in the world (Caeli & Yadav, 2020), its potential to enhance mathematics learn-
ing has been receiving growing attention from researchers (Chan et al.,, 2023). Namely,
Weintrop et al. (2016) claim that computational thinking may offer students a more realistic
insight into mathematics, and Ye et al. (2023) show that computational thinking based
mathematical tasks may support students in developing novel mathematical knowledge,
and not only in its application. Recognizing the importance of developing computational
thinking in students, various countries have integrated it into their curricula in different
ways over the past few years, either through a specific discipline or in a cross-disciplinary
manner (Brating & Kilhamn, 2021). Following this trend, the Portuguese mathematics cur-

riculum for basic education (Canavarro et al., 2021) has introduced computational thinking
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as one of the six transversal mathematical skills to be promoted. However, significant ques-
tions have been raised about how to promote it alongside the mathematical topics in the
curriculum (Israel & Lash, 2020). One major concern is how to effectively teach for compu-
tational thinking development as well as for mathematics learning, in an articulated way (Ye
et al. 2023), as research shows that quite often teaching in that context prioritizes compu-
tational thinking outcomes over mathematics learning (Chan et al., 2023). The design
features of computational thinking based mathematical tasks, namely if they necessarily
must imply the use technology (Caeli & Yadav, 2020), and their nature and level of structure
(Cui et al., 2023), are also part of the debate concerning the introduction of computational
thinking in mathematics classrooms.

Among the studies that establish a connection between computational thinking and the
teaching and learning of mathematical topics, functions are notably underrepresented
(Hickmott et al., 2018). Thus, this exploratory study, part of a teaching experiment, aims to
contribute to fill a gap in the literature regarding the limited availability of educational
resources that promote the integrated development of computational thinking and mathe-
matics learning, specifically concerning the teaching of affine function in the 8th grade, to
promote students’ functional thinking (Pitta-Pantazi et al., 2020; Smith, 2008). The teaching
experiment was conceived to explore how to integrate computational thinking in the regu-
lar teaching practice in the classroom, conformed with the actual time restrictions for cover-
ing the curriculum and the structure of classes daily timetable, and thus providing clues
about the feasibility of promoting computational thinking as a new curricular goal for basic
education. Hence, the study inherently reflects the complexity of real-world teaching con-
ditions and assumes the importance to guarantee the research ecological validity (Cobb et
al,, 2003), particularly when curricular innovations are proposed to schools, such as it is the
case of the introduction of computational thinking in Portuguese mathematics curriculum.

Based on the above objectives, the following research question is addressed by this
study: How does a task that integrates computational thinking into the study of affine
function in 8th grade classes contribute to students’ practices of computational thinking and

students’ functional thinking?

Theoretical framework

Computational thinking in mathematics education

Computational thinking was considered by Wing (2006) as a fundamental skill at the same
level as reading, writing, and arithmetic, consistently focused on the problem-solving
process. Building on the author's ideas, which revisit some of Papert’s contributions from
the 1980s, the development of computational thinking has come to occupy a prominent

place in some studies on mathematics education in which researchers are concerned with
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the integration of computational thinking in mathematics teaching (Barcelos et al., 2018;
Chanetal, 2023; Ye et al,, 2023).

In this study, computational thinking is characterized as a way of thinking when faced
with problematic situations that involves the enactment of practices such as those outlined
in the Portuguese mathematics curriculum for basic education (Canavarro et al., 2021),
namely: (i) abstraction, which involves extracting the essential information from a problem;
(ii) decomposition, which is based on simplifying a problem by breaking it down into more
manageable parts; (iii) pattern recognition, which implies recognizing or identifying
patterns and regularities when solving one problem and applying them to similar problems;
(iv) analysis and definition of algorithms, which involve solving a problem through a step-
by-step procedure, often resorting to technology; and (v) development of debugging and
process optimization habits, which encourages testing to identify and correct errors and
subsequently refine a given solution.

The characterization of computational thinking in education, especially when
incorporated into mathematics, is of utmost importance and it has been the subject of many
studies. In research we find reference to computational thinking practices in mathematics,
as it is the case of the three studies presented in table 1. These authors agree regarding the
notions of abstraction, decomposition and algorithmic thinking, three of the five practices
mentioned in the Portuguese basic education mathematics curriculum (Canavarro et al.,
2021). Although less frequently mentioned, pattern recognition and debugging are also
noted in research, with the latter practice being highlighted in studies based on literature

reviews or that are, themselves, literature reviews (Kallia et al., 2021; Ye et al., 2023).

Table 1. Examples from the literature on main practices of computational thinking

Barr and Stephenson

2011) Kallia et al. (2021) Ye et al. (2023)
Data collection, analysis, and Abstraction Systemlc thinking (d.ECOFT?pOS.ItIC?n,
. i abstraction, and algorithmic thinking)
representat|on Decompos|t|on

: Data practices (modelling and simulation)
Abstraction Pattern recognition

iti Reuse and remix
Decomposition Algorithmic thinking
Algorithms Testing and debugging
Modelling
Testing and validation
Logical thinking
Simulation

. Automation
Automation

Generalization

Evaluation of strategies
and solutions
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Approaches to computational thinking in mathematics teaching

According to Israel and Lash (2020), there are three types of teaching approaches regarding
the level of integration of computational thinking and mathematics: (i) no integration,
where mathematics or a computational thinking concept are taught isolated; (ii) partial
integration, where computational thinking is used to reinforce a mathematics concept or
vice versa; and (iii) full integration, where mathematics and computational thinking
concepts are taught together. In this study, the authors concluded that fully integrated
teaching was the least used by the teachers involved, who mentioned that this approach is
more difficult for students due to the increased “cognitive load demands when teaching the
CS/CT at the same time as the mathematics curriculum” (p. 374). However, in more recent
studies it was found that partial integration is dominant, either with an intensive focus on
computational thinking (Chan et al., 2023) or with a predominant focus on mathematical
understanding, using computational thinking as a technique (Nordby et al., 2022).

To understand how to outline pedagogical approaches (plugged and unplugged) that
best promote the development of computational thinking, several investigations have been
carried out. Regarding the unplugged approach, Bell and Vahrenhold (2018) state that it is
used “to engage a variety of audiences with great ideas from computer science, without
having to learn programming or even use a digital device” (p. 497). Several potentialities
have been highlighted for this type of approach, namely, helping students to construct and
outline their reasoning (Caeli & Yadav, 2020), allowing access to activities that promote
computational thinking when electronic equipment is limited (Evaristo et al., 2022), help to
ease fears of programming among teachers and students, and meaningfully engaging the
latter with the big ideas of computer science (Bell & Vahrenhold, 2018).

Despite the recognition of their importance, there is a certain consensus that unplugged
approaches should not be implemented isolate but in connection with the use of technology
(Bell & Vahrenhold, 2018). As such, plugged approaches emerge to complement unplugged
ones, contributing to stimulating students’ thinking by using technology as a tool (Evaristo
etal, 2022).

In mathematics teaching, plugged approaches are mostly focused on programming and
are recognized as a strong pedagogical approach to developing computational thinking, gi-
ven the importance of the cognitive aspects behind programming (Kallia et al.,, 2021).
Scratch programming environment is one of the most common digital tools for exploring
computational thinking with students and it is also suggested by the Portuguese basic
education mathematics curriculum (Canavarro et al.,, 2021). By using a visual programming
language (in blocks), this tool becomes very simple for students. However, other tools are
also pointed out as having the potential for promoting computational thinking in conjunc-

tion with mathematics, such as spreadsheets, which are considered a “language” that uses
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text-based code (Chan et al,, 2021), or Sketchpad, regarded as a third programming lan-
guage that employs geometric objects instead of text or block-based code (Ye et al,, 2023).

Recognizing the importance of both approaches, Caeli and Yadav (2020) argue that to
engage students, unplugged and plugged approaches should be combined. For instance,
unplugged tasks may reinforce students’ understanding of certain programming concepts,
such as in the study by Gomes et al. (2018) where the loop concept was identified as a
difficulty in plugged activities. Therefore, it is pertinent to investigate what tasks can be

created to combine these two approaches.

Task design for computational thinking in mathematics

Given the central role that tasks play in mathematics teaching (Kieran et al., 2015), they
should be designed to engage students and to effectively enhance their mathematical
understanding. When designing a task, we should consider the relevance of mathematics in
daily life, through its application in other areas of knowledge or in everyday situations,
allowing students to recognize the need to use the knowledge acquired in this subject to
model real-world scenarios (Brennan & Resnick, 2012). Additionally, one of the main goals
in school mathematics is to support students in developing conceptual understanding.
Focusing on the design of mathematical tasks with that goal, Swan (2014) proposed four
tasks genres, namely: (i) observing, classifying, and defining, involving the manipulation of
mathematical objects, and creating and examples and non-examples; (ii) representing and
translating mathematical concepts in their various representations; (iii) justifying and/or
proving mathematical conjectures and procedures; and (iv) identifying and analysing
structure within situations, including studying relationships between variables and com-
paring mathematical structures. These provide important elements that can be considered
in tasks that target mathematical concepts from different topics.

In recent years, the design of mathematical tasks has been extensively discussed by
researchers and teachers (Kieran et al., 2015). However, since computational thinking is a
relatively recent concept in mathematics curriculum, the pedagogical design of mathe-
matical tasks that address the dimensions of computational thinking has not been widely
explored. Kotsopoulos et al. (2017) developed an initial pedagogical framework based on
empirical data and rooted in Papert’s constructivist learning theory that considers four
experiences for developing computational thinking: unplugged, tinkering, making, and
remixing. These authors suggest that students should start with less demanding
experiences in terms of understanding (unplugged and tinkering) and progress to more
cognitively demanding ones (making and remixing). The authors also note that the first
experience, unplugged, should be the initial approach to promote the development of
computational thinking, as it introduces concepts without using computers. This approach

requires less cognitive load and does not require knowledge of programming languages. In
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the next experience, tinkering, students modify existing objects, analysing the implications
of these changes on the results and correcting possible errors, with a focus on applying
concepts and simulation. In the making experience, students solve problems by planning
and selecting tools, as well as establishing connections between concepts. Finally, in the
remixing experience, students modify an object to adapt it for a different purpose.

Taking into consideration what one knows about ways to promote students' conceptual
understanding in mathematics, there is a need of seeking how to combine these four experi-
ences for developing computational thinking in the design of tasks for supporting

the development of different concepts in mathematics.

Functional thinking

Functional thinking is a form of generalization, associated with the exploration of sequences
from the early years of schooling (Cabral et al.,, 2022). According to Smith (2008), functional
thinking focuses on the relationship between two or more variables and on the evolutionary
process from specific relationships to their generalization. Therefore, it is important to iden-
tify these relationships, represent them in various ways, and ultimately generalize them.

According to the Portuguese basic education mathematics curriculum, the study of
functions is explicitly introduced in the middle school, where it is associated with
understanding variation, establishing relationships between quantities/magnitudes, ex-
pressing generalizations and representing them in various forms, and modelling (Canavarro
et al.,, 2021). Specifically, in the 8th grade, the focus is on the study of affine function,
concerning: their multiple representations (graphical, algebraic, and tabular) and the
connections between them; the effect of varying their parameters; the possibility of making
predictions; and the interpretation and modelling of real-world situations.

Functional thinking has several dimensions, from which, within the scope of this study,
we highlight the following: (i) generalization, (ii) representation of functions and their
connections, and (iii) modelling. Generalization refers to extending reasoning beyond
specific cases to converge on a general rule, which can be represented through natural
language (use of words), syncopate language (a mix of symbols and natural language), or
symbolic mathematical language (alphanumeric notation) (Cabral et al., 2022). Depending
on how the rule is expressed, there are three types of generalization: factual, using specific
cases; contextual, supported by the described context; and symbolic, using symbolic mathe-
matical language (Cabral et al., 2022; Radford, 2006).

In the learning of functions, several authors highlight the importance of promoting
different representations (Best & Bikner-Ahsbahs, 2017; Blanton & Kaput, 2011). Blanton
and Kaput (2011) emphasize students’ understanding of multiple representations to
express the relationships between quantities, as well as using these representations to

interpret and predict the functions behaviour. Similarly, Best and Bikner-Ahsbahs (2017)
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consider it essential to relate different representations of functions to ensure that learning
is not fragmented. Recognizing the importance of multiple representations of functions, in
this paper, we introduce a new category called coded representation, which can be presented
through pseudocode or programming languages, such as Scratch, and can be associated with
purely mathematical contexts or real-life situations.

To promote functional thinking, mathematical modelling is also emphasized, as it
involves translating a real-life situation into a mathematical model. This process helps
recognizing the relevance of mathematics in various real-world contexts, as outlined in
mathematics curriculum (Canavarro et al., 2021). According to Pitta-Pantazi et al. (2020),
students must first interpret the context, identify the quantities involved and their
relationships, and then represent them using the most appropriate mathematical model.
Modelling is considered a cyclical process divided into seven steps: initial understanding of
the real situation without context, simplification focusing on what is essential, identification
of the mathematical model involved, mathematical manipulation of the model, inter-
pretation of the obtained mathematical results, validation of these results, and translation
back to the initial real situation (Blum & Ferri, 2009).

Developing functional thinking is not an easy endeavour, as it is noticeable in many
secondary classes (Martins et al., 2023), therefore it is significant to provide students with

tasks that challenge them to recognize and articulate structures and relationships.

Methodology

The study context and task selection

The present study was carried out as part of a broader teaching experiment focused on tasks
integrating computational thinking with topics related to functions, specifically affine
function, literal equations, and systems of two first-degree equations with two variables
(graphic solving). The teaching experiment was conducted by the first author, who teaches
mathematics at a public secondary school in the Oeiras Municipality (Lisbon metropolitan
area). The participants included 49 students aged 13 to 14 from two 8th grade classes.
Following Chan et al. (2021), to avoid adding difficulties in learning mathematics when
solving integration tasks, during the current school year, the teacher-researcher had intro-
duced the Scratch programming environment in her classes to reinforce content related to
the topics of numbers and algebra. For this study, the first task of the teaching experiment,
intitled “Natural Gas vs. Propane Gas” (Appendix) was selected. This task intended to intro-
duce students to the concept of the affine function, f(x) = ax + b, with a,b € R, through the
interpretation and modelling of a concrete situation related to different gas consumption
plans in Portugal. As students were familiar with direct proportionality function from the

previous year, the task takes that knowledge to introduce the students in the exploration of
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the new concept, alongside with the intended computational thinking practices. By relying
on this first task in the teaching experiment, this study allows us to analyse students’
functional thinking when they first contact with a new type of function in connection with

the task’s characteristics.

Data collection and analysis methods

This study followed a qualitative methodology, and as such, the data collected were
qualitative in nature and gathered in the natural classroom environment, focusing on the
students’ reasoning during the completion of the selected task. Different data collection
methods were employed, including participant observation, video recordings of the lessons,
audio recordings of eight pairs of students, and the collection of students’ written solutions
to the task. The pairs of students (four pairs from each class) were chosen to maximize the
benefits of their interaction in solving the tasks, ensuring more comprehensive data.

To gather empirical evidence on how students show the intended learning outcomes
from the proposed task, this study focuses on analysing the students’ productions that
represent the range of solutions from the target groups. These were complemented, when
necessary, with data from the audio recordings of the pairs.

The analysis framework focuses on (i) five practices of computational thinking—
abstraction, decomposition, pattern recognition, algorithm analysis and definition, and
development of debugging and process optimization habits—and (ii) three dimensions of
functional thinking—function representations, mathematical modelling, and contextual and
symbolic generalizations—which are central aspects related to the intended learning

outcomes of the task that is presented in the next section.

The task for integrating computational thinking and functional thinking

Design of the task

For the design of the task, the specific objectives for learning functions outlined in the
mathematics curriculum (Canavarro et al., 2021) were considered, as well as the guidelines
on designing tasks related to mathematics learning (Swan, 2014) and the development of
computational thinking (Kotsopoulos et al., 2017). Thus, the task was designed to achieve
the goal of understanding of affine function and included aspects of the task’s genres for
conceptual understanding pointed out by Swan (2014) and simultaneously it followed the
pedagogical approach suggested by Kotsopoulos et al. (2017) to promote computational
thinking. For the latter, this implies to start with unplugged tasks and then move on to
modifying existing objects and validating these modifications. Next, students solve prob-
lems, requiring them to plan, select tools, and establish connections between concepts.

Finally, students adapt what they have learned by applying it to a new problem situation.
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Adapting the task design from Kotsopoulos et al. (2017) and following the illustration in

Figure 1, the task is divided into four parts according to its level of difficulty.

Unplugged Tinkering Making Remixing
Introduction of Modification of Solve problems, Adapt an object to
concepts without the objects and establish be used for
use of computers or correction of errors connections another purpose
programming between concepts

Figure 1. Task design sequence

The construction of the task was also based on the teacher-researcher’s experience over
20 years of teaching, which allowed her to develop knowledge regarding the design and
implementation of mathematical tasks, both in mathematical and real-world contexts.
Additionally, it drew on her previous experience in facilitating lessons for consolidating
mathematical content using flowcharts and programming in Scratch and on the literature
as previously explained.

The task was intended to introduce the subtopic “affine function”, with the following
learning objectives: to identify a direct proportionality function with a linear function; to
interpret and model real-world situations using affine functions; and to recognize the affine
function as a function of the type f(x) = ax + b, with a,b € R, and the linear function as a
specific case of the affine function (Appendix).

The first question, framed within the unplugged part of the task, aims student to analyse
a situation that can be modelled by a linear function. In the first part, they are asked to
explore an example of a direct proportionality situation using specific values of gas con-
sumption. The following part requires them to construct a flowchart that identifies the
inputs/outputs related to the described situation and outlines the reasoning from the
previous part in a more abstract context: the contextual algebraic generalization referred
to by Radford (2006). In the final part, students are expected to advance to symbolic
algebraic generalization (Radford, 2006), using the variables x and y to write an algebraic
expression representing the described situation.

In the first four items of the second question, related to the tinkering part of the task,
students are expected to interpret situations modelled by a nonlinear affine function, make
predictions, and correct errors. In the first two parts, students should interpret a pre-
written code, contextualize some of its instructions according to the given situation, and
make a prediction about an output (image) resulting from a specific input (object). In item
c), students are prompted to compare codes and identify errors, using, for example, the

rules of mathematical operation priority to justify their reasoning. Item d) requires students
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to translate the situation using the variables x and y, arriving at the algebraic expression of
a nonlinear affine function.

The last three items of the second question, which pertain to the making part of the task,
aim to address more challenging situations involving the nonlinear affine function and to
establish connections between concepts. In item e), students are expected to determine an
object corresponding to a given image, using, for example, reasoning with inverse
operations or solving equations which were studied in previous years. Next, students
should generalize their reasoning by completing lines of a code presented in the task and
then build the program in Scratch to validate the obtained result.

Finally, in the remixing part of the task, students are required to build, in a less guided
manner, a program in Scratch to model a real-life situation involving percentages, which is
associated with a direct proportionality function. In this part, after interpreting the
described situation, students must outline a strategy to follow.

In Table 2 we present the aspects of computational thinking and functional thinking
targeted by each question of the task, according to the previously defined analysis
framework, which is based on two dimensions: (i) the computational thinking practices
mentioned in the Portuguese basic education mathematics curriculum (Canavarro et al,,
2021), namely: abstraction (AB), decomposition (DE), pattern recognition (PR), algorithm
analysis and definition (AD), development of debugging habits and process optimization
(DH); and (ii) dimensions of functional thinking, such as function representations (FR),

mathematical modelling (MM), and contextual (CG) and symbolic (SG) generalizations.

Table 2. Aspects of computational and functional thinking targeted by the task

;:::goc:‘i Question Computational thinking practices Dimensi:::nﬁifnf:nctional

1.a) AB

G1 1. b) AD CG, SG, FR
1.0 AD
2.a) AB

G2 2.b) DH o
2.¢) DH
2.d) AD
2.e) PR

G3 2.1) PR, AD CG, FR
2.9) DH

G4 3. AB, DE, AD, DH MM; FR; CG
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The task’s enactment in the classroom

Adopting an exploratory teaching practice organized into four phases (Menezes et al,,
2015), the implementation of the task began with organizing student pairs and setting time
limits for each part of the lesson. This was followed by the presentation and contex-
tualization of the task by the teacher-researcher, who ensured that students understood the
objectives (5 minutes). Subsequently, the students worked on questions 1 and 2 of the task
(70 minutes). Throughout the completion of the task, students received assistance from the
teacher-researcher, who sought to clarify any questions that arose, posed questions to the
students, and emphasized the importance of justifying their reasoning. However, the
teacher-researcher did not interfere with their strategies or make corrections. Next, the
teacher conducted a whole-group discussion from the students' strategies and solutions,
encouraging the comparison of different approaches (15 minutes). Finally, based on the
students’ work and to systematize the learning, a summary table was created where the
conclusions regarding the identification of differences between a linear and a non-linear
affine function, the algebraic expression of the function, and the determination of an object
or an image of the function (10 minutes). In a subsequent class, question 3 of the task was
presented (5 minutes), where the potential of programming in creating a gas/electricity bill
was discussed. Finally, after the task was completed (35 minutes), the teacher-researcher
requested students to share with the class the different strategies they developed (10

minutes).

Results

The following subsections present the analysis of the students' task resolution. These are

organized into four parts, according to the group of questions (G1 to G4).

Group 1

In the first question, all the selected student pairs were able to extract the essential
information from the problem (AB), correctly interpreting how to relate the 33€ with the
11 m?, although they used different strategies, as illustrated below. For example, pair TM
likely drew connections with other types of situations solved in different contexts to
determine the unit price per m*® (PR), using a simple proportion rule (Figure 2). Pair F]
(Figure 3) started by determining the price per m?, breaking down the problem into simpler
parts (DE) using the rule of three to do so (PR). Pair GT (Figure 4) determined the price per
m? by dividing 33 by 11 and identified the result of this quotient as a unit price per m?,

demonstrating an understanding of the constant in a direct proportionality situation (PR).
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Figure 2. Solution to question 1.a by pair TM
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Figure 4. Solution to question 1.a by pair GT

Regarding the next question, most students were successful in the targeted compu-
tational thinking practice (AD). However, pair HD did not correctly identify the input data
for the flowchart, using the concrete values from the previous question to try to complete it
(Figure 5, left). Pair CA successfully outlined the construction of an algorithm to
automatically determine the cost of gas (AD), correctly identifying the input data, the
procedures to follow, and the output data. They explicitly represented these in the flowchart
(Figure 5, centre) using natural language (FR), demonstrating the ability to generalize
within the context of the task (CG). In the flowchart created by pair AC (Figure 5, right),
although the meaning of the variables is not explicitly defined, the students show a
successful sequenced of steps needed to determine the cost of gas (AD), and to generalize

this procedure by using variables (SG).

Translation pair CA

Sc

[:0-10] [FE ;r;:x/ L /\[Em=]

=y ".l:_’:a Cr.e": f'xi 1--: 1-; \.% " _.:(.—_' Y "Caleulate the
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GO COIINCD

Figure 5. Solution to question 1.b by pairs HD (left), CA (centre), and AC (right)

All the analysed pairs managed to write a correct algebraic expression (AD). The pair AC
(Figure 6, left), despite not having identified the value of m? in question 1.a, determined it

in the current question and used it to generalize their reasoning (SG) and write an algebraic
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expression (FR). The pair CA (Figure 6, centre), who had identified the fixed and variable
values in the rule of three used in the first question, applied that reasoning to arrive at an
algebraic expression (SG and FR). In addition to writing the algebraic expression, the pair

GT tested it to confirm the results from the first question (DH) (Figure 6, right).

33 w o D=5

T Ex: BAO =9
E 0=y

Figure 6. Different algebraic expressions presented by pairs AC (left), CA (centre), and GT
(right)

In this first group of questions, the students, starting from the analysis of a concrete
example of the described situation, were able to advance their reasoning to reach symbolic

generalization by writing an algebraic expression of a linear function.

Group 2

In the first question of this group, the students were able to interpret the values presented
in the coded representation (FR), associating their meaning with the context of the
described situation (AB), as illustrated by group AC in Figure 7. In contrast, group F] (Figure
8) did not relate the two values to the real context mentioned, interpreting them in a mathe-
matical context and correctly identifying them as a fixed component and a variable

component.

Translation
1,755 -» gas price per m3
2,868 2 value of fees”

Figure 7. Solution to Question 2.a by pair AC

- o R . Translation

® &5 Lompr PO E el € 6 ST “1,735 is the fixed component
atrayel and 2,868 iz the wariable
component.”

Figure 8. Solution to Question 2.a by pair FJ

In question 2.b, in an initial resolution, pair CP did not consider the fixed tax in their
reasoning and only after testing the program using the QR code were they able to identify
and correct the error (DH), disregarding the initial result of 1.755, which only accounted for
the variable component of the gas price (Figure 9). The remaining pairs correctly antici-
pated the results of the coded representation, identifying the input and output values and

describing their reasoning similarly to what is illustrated by pair F] (Figure 10).
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Y~

Sorfodo « 1,55+ 1,565
Figure 9. Solution to question 2.b by pair CP
1, 393 x 10 +7 BeR =
L%

13,55+ 2,368
= 20,413

Figure 10. Solution to question 2.b by pair F]

In question 2.c, all pairs provided a correct answer, accurately identifying and justifying

the existing differences between the two blocks of code (DH). Group MM (Figure 11)

demonstrates an understanding of the presented codes by explaining what each set of

blocks does (DH). Pair HD (Figure 12) first converts the codes into symbolic language and

then justifies their response by reinforcing their explanation using natural language in the

context of the described situation (AB), showing proficiency in converting between different

representations (FR). Going beyond the conversion of the code to symbolic language (SG),

group CP (Figure 13) uses the distributive property of multiplication over addition to

mathematically validate the difference between the two expressions (DH).

Translation
“The [correct] option is A.
In block A they first multiply the
answers by 1.755 then add 2,868, and
in block B they add the answer by
2,868 then multiply by 1.755"

Figure 11. Solution to question 2.c by pair MM

AYET IS ; s Translation

1 e “It's A because the idea is to bring the
price of a cubic meter x the consumed
gas + the fee, and not the consumed gas
plus the fee x the price of a cubic
# orely o e, | meter”

Figure 12. Solution to question 2.c by pair HD
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Translation
-k 2,503 "You have to calculate the
lore ds be coflen s = i money of ¥ m? and then
Mot Ap s s dnn add it with 2,868"

Figure 13. Solution to Question 2.c by pair CP

In question 2.d, all pairs successfully elaborated a flowchart (FR), defining an algorithm
where most of them correctly identified the input data, procedures, and output data (AD). This
is evident from the geometric shapes used in the flowchart construction (parallelograms for
input or output data and rectangles for procedures). Pair HD (Figure 14, left) identifies the input
data in the flowchart as a question, using the context of the described situation, and associates
it with the variable x. For the procedure, it indicates the calculations to be performed in a
generalized way, using the variable x (SG), and mentions the output data as a response
associated with the result of the previously performed procedure. In the solution by pair CA
(Figure 14, centre), which is very similar to the previous pair, there is an important reference to
the need to store the value of the variable x, although this is not identified in the flowchart as an
input data. Pair TM (Figure 14, right) identifies the values x as an input and y as an output,
contextualizing them in parallel with the described situation and mentions the calculation to be

performed using the variable x (SG).

Translation

(St.\rt) Start
- : :
X il
what is the amount of
) Save the answer x
consumed gas x
r

|
X

said 1.755%x+2.868 (1.755"x)+2.868
[

x - —
the value is You will have to pay,
1.755x+2.868 in euros, -
x
3

Figure 14. Solution to question 2.d by pairs HD (left), CA (centre), and TM (right)
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In this second group of questions, the students managed to analyse a new way of
representing a function, different from the usual representations, which we referred to as
coded representation, contributing to the understanding of the concept of a non-linear affine

function.

Group 3

In question 2.e, the pairs that arrived at the correct solution used the inverse operations
reasoning, such as pair TM (Figure 15), recognizing similarities with other situations, such
as determining term orders in sequences (PR). However, several students solved the
question incorrectly, as was the case with pair CA, which attempted to use direct propor-
tionality reasoning without considering the fixed rates (Figure 16, left), or pair JF, which,

identifying the need to use inverse operations, did so in the wrong order (Figure 16, right).

— _2BbS =¥

Figure 16. Incorrect solutions to question 2.d by pairs CA (left) and JF (right)

In question 2.f, most of the solutions presented by the students are generalizations of the
correct or incorrect reasoning used in the previous question, allowing for the identification
of input and output data and the calculations to be performed (AD). Pair GT (Figure 17)
correctly and contextually identified the data that needed to be entered into the program,
as well as the results to be obtained and how to determine them (CG), taking care to specify
the corresponding units. Pair CA (Figure 18), using the incorrect reasoning from the
previous question, demonstrated that they were able to transform the simple rule of three
into a generalization, despite their answer being wrong. Contrary to what was expected,
students in group AC (Figure 19), who had used the simple rule of three without considering
the fixed rate in the previous question, were unable to directly translate the rule of three
reasoning into code. Instead, these students used the context of the described situation to
correctly solve this question, although they did not define the meaning of the variable x in

their solution, which would prevent the program from working correctly (SG).
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Translation

3 How many euros did you pay? BELGE
EETI The amount in m*3 of gas consumed was N5 ° seconds
say (the answer - 2.868) . 1,755 Ny o seconds

Figure 17. Solution of question 2.e by pair GT

Translation

ES Sl How much did you pay for gas this month? JENTEVES
= The amount of gas consumed was JBO% e seconds
S (the answer x 10) - 20, 42 Ri o seconds

Figure 18. Solution of question 2.e by pair CA

Translation

ask How much was the total paid? BELSETES
Say The botal pasd was._. Rl o seconds
L=V (x - 2 B68) 1,755 Rb seconds

Figure 19. Solution of question 2.e by pair AC

In question 2.g, most students managed to test their reasoning by building the program
according to the blocks they completed (DH). However, the students in pair CA, who had
generalized the incorrect reasoning from question 2.e, only realized their mistake during
the whole group discussion when they noticed they had forgotten to account for the fixed
rates. Pair AC, when constructing their program, noticed something was wrong and
managed to resolve the issue by creating the variable x to store the value of the response.

As students involved in this research already had some experience with Scratch and
demonstrated code optimization skills (DH) in program construction, some of them men-

tioned that it was unnecessary to use the “say... for... seconds” block twice, suggesting the
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use of the “join... ..."” block instead. They also questioned why a variable had not been defined
to store the response. These questions were discussed collectively, and the teacher-
researcher explained them that that option was related to the possibility of the task being
proposed to students with limited knowledge of Scratch programming.

In this third set of questions, most students, starting from the analysis of a concrete
example of the described situation, managed to advance their reasoning to reach a contex-
tualized generalization. They achieved this through the construction of a program to deter-
mine an object given an image in a nonlinear affine function and performed testing and

validation of their reasoning.

Group 4

Most students exhibited difficulties in understanding the intended objective of this
question. They focused on validating the specific situation presented in the task, using the
given percentages to confirm the cost associated with each consumption, or using the final
value to confirm the given percentages. Thus, initially they were not able to move from the
specific values to a generalization. Considering this, the teacher-researcher suggested them
to define a strategy using the specific values provided to verify the validity of the
percentages presented in the question. They should identify the input and output data and,
simultaneously, create a generic schema for the strategy they developed. This schema
should allow them to calculate the percentages on any invoice they might come across.

After this, students were able to extend their reasoning beyond a particular case by
defining an algorithm to model the described situation and using various types of
representation. Pair JF used natural language (FR) to describe the generalization of their
reasoning (CG), identifying the input and output data and the steps to follow (AD), as
illustrated in Figure 20.

Translation

“The input data are the values of
T S, each expense. To know the
percentage of electricity, we
multiply the wvalue by 100 and
divide it by the total expenses. To
discover the other two, we do the
same thing but with the respective
input data. The output data are
percentages.”

Figure 20. Explanation of the generalization constructed in question 3 by pair JF
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Pair AC created a diagram with the concrete resolution (PR) and based on this
representation, used a pre-symbolic language, combining natural language with
mathematical symbols (FR, CG) to describe the procedures to be followed (AD) to generalize
the described situation. They began by identifying the need to first determine (DE) the total
expenses to be paid (Figure 21). Demonstrating a strong knowledge of Scratch
programming and focusing on the construction of the program, pair HD (Figure 22)
presented their explanatory diagram (AD, MM) using the blocks from this programming
language. They identified the need for variables to store data related to consumption values,

rates, and total expenses, which is the first operation they felt necessary to perform (DC).

| A B Iy
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ey | <% = e .
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: VE desp. — l.'x‘;d ’
€ elerr =%

Zx Cedehr y 160 Lo
Rl s —— , ‘:—-: P e R L

e

et (L

e o= (7 dets 78

' Wl 0 g = parh 4 pesla

/' Gas ~arurald
Ui desp | — o /|
e nosY i v ier v g €5 - Glatumsw « STuam oy

e SORNd = pew Nimmay = GlaMebedd  /  Teum ¢ eponies

w = 9. my v IO

V.4 desp. )
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i

-
—lelloda A

COATRITAY
LS Whatis the prce of dlectnsty? BT

st Hechiclyprice » o answer

L S0 Vhatis the prce of natural gas? T

Vibatis the poce of foes and faxes? N0 L0 |

Vikal percnctage of the price o fees and Laees? 0 L0 |

-k
set

S Natwsigss » 0 %feosmdions * Nauagss [ Foes and txxes

xekcwcty v o D) - Matragas + Fees andtues

Figure 21. Explanatory diagram and program constructed in question 3 by pair AC
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=

A AL oy
Sl what i the value of electricity BTN T

fees v o answer

fotal valve o Elechicly

oo XTI e -

%Becticty » fo | Becticty * @) /  totalvaiue

Figure 22. Explanatory diagram constructed in question 3 by pair HD

The pair CA (Figure 23) started by creating an explanatory diagram (AD, MM) using

natural language to identify the procedures to be carried out. They also recognized the need

to store input data and the result of summing these data into variables (DC). This approach

was later used to generalize the direct proportionality reasoning from the rule of three (PR),

employing an alphanumeric expression - symbolic mathematical language (FR, SG). After

building the program in Scratch, few students tested it, possibly due to a lack of time or

because they did not feel the need to test it, as the percentage values were already provided

in the given image.
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Figure 23. Explanatory diagram and program constructed in question 3 by pair CA
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After some initial constraints in this final question of the task that were addressed by the
guidance of the teacher-researcher, the students were able to model a real-world situation
of direct proportionality (linear function), transforming this model into a program in
Scratch. However, most students felt no need to validate the programs they have built based

on the concrete example presented.

Discussion of results and conclusions

The task designed within this study addresses the need for diversifying students’ learning
experiences in mathematics, particularly to promote functional thinking (Pitta-Patanzi et
al,, 2020) and simultaneously to promote practices of computational thinking. It includes
important mathematical processes such as justifying reasoning, expressing ideas, using
various representations, and establishing connections between them (Swan, 2014), and it
promotes the use of symbolic language, intra and extra-mathematical connections, and
modelling real-world situations.

This study provided evidence of the use of various practices of computational thinking
and dimensions of functional thinking in solving the integration task, that met the
intentionality with which it was designed. However, in the final question of the task,
students exhibited difficulties in prioritizing details and extracting the essential information
from the presented situation to build a mathematical model. This issue may be related to
the higher demands associated with the practice of abstraction in modelling situations, as
this corresponds to a higher level of cognitive challenge (Qian & Choi, 2023). It is also
noteworthy that students employed some practices of computational thinking not
anticipated in questions of group 1 (decomposition, pattern recognition), in questions of
group 2 (abstraction), and in question 3 (pattern recognition), as well as dimensions of
functional thinking in group 2 (symbolic generalization).

When solving the different parts of the task, students used multiple representations
(natural language, diagrams, flowcharts, symbols, formulas, and coded representations) to
organize and represent their reasoning, an aspect of paramount importance to strengthen
students’ functional thinking. It is noteworthy that in the final question, which involved
constructing a program in Scratch, some groups used the unconventional form of repre-
senting generalization introduced in this study (coded representation) to justify their
reasoning before building the program, even though that was not required. Thus, these
students were able to give meaning to their ideas in increasingly abstract ways, progressing
between natural and algebraic language. This new representation may serve as a scaffold to
facilitate their transition to symbolic language. Additionally, by introducing the notion of
affine function in a real-life context, supported by the use of concrete quantities like fixed

and the variable component of the gas consumption situation, the task may contribute to
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mitigate the difficulties students typically face with functions when introduced in an
abstract manner (Warren & Cooper, 2005).

Globally, students demonstrated the ability to make connections between concrete
examples and more general situations, which facilitated a deeper understanding of the
relationships between variables—something that the research points out as being a
difficulty for students (Wilkie & Ayalon, 2018). Finally, the modelling question in the task
allowed students to move beyond using the rule of three as a procedure for relating values,
enabling them to generalize this procedure and thereby enhance their functional thinking.

From the results of this study, we may argue that the integration task that starts with
less demanding and unplugged questions, followed by questions involving the modification
of existing objects and their validation, and then cognitively challenging questions that re-
quire establishing connections between concepts, provided the necessary support for stu-
dents’ functional thinking in relation to a new type of functions. However, the ultimate pur-
pose of adapting knowledge to new problem situations was not initially achieved as intend-
ed, therefore points out to the need of continuous contact of students with this type of tasks.

In line with what Ye et al. (2023) discussed regarding the introduction of computational
thinking in mathematics, the task proposed at the beginning of the teaching experiment
intends to illustrate a possible way of teaching functions in connection with computational
thinking. However, this new teaching approach must be carefully crafted in order not to add
to the students’' difficulties (Chan et al., 2021) related to programming. Thus, although the
proposed task allows students to develop computational thinking practices, it does not
require programming knowledge that could detract attention from the task’s mathematical
focus or to make it too demanding for them.

This study offers insights into the design of tasks that integrate computational thinking
and functions, enabling students to move beyond mere algebraic manipulations and
fostering the establishment of both intra and extra-mathematical connections. Additionally,
similar to other non-conventional representations as those mentioned by Pinto et al.
(2022), the coded representation introduced in the task helps enrich students’
mathematical learning as it allows them to communicate their reasoning in less abstract
way when they are still building their understanding of this type of functions. As a matter
of fact, they assumed the use of the response block in Scratch as representing an arbitrary
value (in association with a variable) or faced the necessity of defining variables in the
program assigning them one meaning that comes from concrete and authentic situation in
the task statement, thus developing contextual generalizations (Radford, 2006).

Being an exploratory study, there are some limitations to be considered. First, we
recognize that the task’s options concerning the use of Scratch were somewhat limited and
that future research could go deeper in envisioning new ways of supporting students in

develop functional thinking in that context of block-programming. The same can be said
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concerning promoting computational problem solving as the ones proposed by Cui et al.
(2023), since the task in the present study is mainly closed in its structure and some
question direct students to specific procedures. Nevertheless, the same authors point out
that students often become stuck if tasks demand long procedures and provide no feedback,
therefore some balance is needed concerning the tasks’ structure.

Centring in only one task, the first of the teaching experiment, the findings of this study
are still tentative and limited, but further analysis of students’ functional thinking may
provide a better understanding of the potentialities of approaching functions in articulation
with computational thinking. In this regard, an understanding of how students comprehend
variables in programming language and in the context of the mathematical functions is
another aspect that was not analysed in this study but that has great importance (Brating &
Kilhamn, 2021).

Corroborating the idea of Hickmott et al. (2018), the introduction of computational
thinking in mathematics presents many challenges but also opportunities to enhance
students’ mathematical understanding. Indeed, integrating computational thinking into
mathematics will bring changes in the types of tasks proposed to students (Kallia et al.,
2021), as well as in the reasoning processes they use when solving these tasks. This study,
conducted in real classroom settings and reflecting the complexity of real-world teaching
conditions, may contribute to the development of new educational resources. It may also
support further research on functional thinking, which remains underrepresented in

studies integrating computational thinking into mathematics learning.
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Appendix

Task 1: “Natural gas versus propane gas”

Gas is a very common fuel in our homes, however, the type
of gas available for consumption varies depending on the
region of the country. In Portugal, the use of two types of gas
prevails: bottled/piped propane gas, obtained from iz "Q“i‘ Aday

petroleum refinement processes, which are quite pollutant, Q. 3
and piped natural gas, which despite being a fossil fuel, emits . e

less CO; in its combustion.

https.//www.edp.pt/particulares/content-hub/gas-natural-ou-gas-propano,

1. In the interior of the country, there is no piped gas available, so propane gas bottles are used.
Each bottle costs approximately €33 and contains the equivalent of 11 m3 of natural gas.

a) In this context, if we consume the equivalent of 10 m* of natural gas in a month, what cost will
this consumption correspond to? Justify your answer.

b) Complete the following flowchart that allows you to determine the cost of gas, in euros,

depending on the amount of gas consumed, in cubic meters.

/ /

c) Write an algebraic expression that allows you to determine the cost of gas, y, in euros,

depending on the amount of gas consumed, ¥, in cubic meters.

2. Due to convenience, safety and price, in recent years piped natural gas has reached more and
more homes. In the natural gas bill, there is a variable component, associated with gas
consumption in cubic meters, and a fixed component, relating to several fees, namely the fixed
term, access to the network and occupation of the underground.

For the company that supplies the gas to automatically issue gas invoices, it is necessary to enter
the number of cubic meters that were consumed in a month, real or estimated. Regarding this

situation, the following program was built in Scratch.
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FE How many cubic meters of gas were consumed? BELGEVET
=V Inoeuros, you will have fo pay... By o- seconds

say 1.755 BT for m seconds

stop all

a) In this context of gas services, what do the values 1,755 and 2,868 mean?

Note: In Scratch the dot means a comma.

b) When the program is executed, a dialog box for data entry appears at the beginning and, at
the end, a data output dialog box, as illustrated in the images below. Fill in the blanks, knowing
that the images correspond to the situation of a consumption of 10 m? of natural gas this month.
Justify your reasoning.

How many cubic meters of

gas were consumed? In euros, you will have to
pay...

c) When building the program presented above in Scratch, two colleagues found that their
programs were not reaching the same conclusion, however, for both of them everything seemed
to be correct. Consider the two sets of blocks in the penultimate line of code of the program built

by colleagues. Choose the correct option and explain the difference between them.

Student A blocks Student B blocks

INLGEE ©  answer  + R
1.755 BRI 2 868
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d) Build a flowchart that reflects the presented situation in this program, using the variable x to

represent the amount of natural gas consumed this month, in cubic meters.

e) If the monthly fee is €39,95, how many cubic meters of natural gas have been consumed on

that month? Explain your thoughts.

f) Complete the blanks below in order to build a program that automatically determines the
amount of cubic meters of gas consumed during a month, knowing the total amount paid in

euros.

g) Access the Scratch website ( https://scratch.mit.edu/ ) to create this program. To do this, click

“Create” and build the lines of code. Confirm the result obtained in paragraph e).

3. Currently, it is very common for consumers to opt for a

Y Y P 57% 20% 23%
single company that simultaneously provides electricity and
natural gas services. The invoice below contains details of

electricity and natural gas consumption and the fees and

taxes associated with both. Furthermore, at the beginning Electricity Natural gas  Fees and

of the invoice, the total values of electricity and natural gas taxes
73.94€ 26.31€ 29.67€

consumption and the respective fees and taxes are

indicated, as well as the percentages associated with these costs, as illustrated in the figure on the

side.

Build a program in Scratch that allows you to verify the percentages shown in this figure.

Suggestion: Start by drawing a flowchart or an explanatory diagram for the described situation.
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